Abstract -The flow of a steady, incompressible, viscous, electrically conducting fluid past a sphere in the presence of uniform magnetic field parallel to the undisturbed flow is investigated using the finite difference method. The multigrid method with a defect correction (DC) technique is used to achieve the second order accurate solution. The Hartmann number M is used as the perturbation parameter. It has been found that the increase of magnetic field decreases the wake length (L) and increases the drag coefficient. The graphs of streamlines, vorticity lines, drag coefficient, wake length, surface pressure and surface vorticity are presented and discussed.
Introduction
The flow of a viscous, incompressible and electrically conducting fluid past a sphere in the presence of a parallel magnetic field was first investigated by Chester (1957) . Subsequently it was discussed by Ludford (1963) , Cabannes (1970) and Levy (1970) . The work of Yosinobu et al. (1959) on an axisymmetric flow past a cylinder in an aligned and transverse magnetic field for small Hartmann number was generalised by Savage (1972) for an arbitrary direction of the magnetic field. Shanti Swarup et al. (1977) studied the same problem with an aligned magnetic field in terms of the Hartmann number. In a two-dimensional flow of a liquid under the influence of the applied magnetic field, it is proved that if the field is strong enough and has the appropriate orientation, the separation of a viscous boundary layer can be prevented even up to the rear stagnation point. Leibovich (1967) suggested that the separation at the rear stagnation point of a circular cylinder could be suppressed by a sufficiently large magnetic field perpendicular to the surface of the cylinder. The suppression of the separation at the rear stagnation point is also observed for a cylinder by Raghava Rao et al. (2000) , who approximated the convective terms by a first order upwind difference scheme. They observed that the drag coefficient increases with the magnetic field. In this paper, we discuss the flow of a conducting fluid past a sphere at low, moderate and high Reynolds numbers (Re = 0.1 − 1000) and for intermediate values of the Hartmann number M using the finite difference method. The multigrid method with defect correction (hereinafter referred to as DC) technique is applied to obtain the second order accurate solution.
Formulation of the problem
The equations governing the steady flow of an incompressible fluid (with finite electrical conductivity σ) past a sphere (of radius a) with uniform free-stream velocity U ∞ and uniformly applied magnetic field H ∞ at large distances are, in non-dimensional form,
where p is the pressure, q is the fluid velocity, H is the magnetic field intensity, E is the electric field intensity, j is the current density. The Reynolds number is Re = 2ρU ∞ a/η and
is the Hartmann number. The magnetic Reynolds number (ratio of the induced magnetic field to the imposed magnetic field) is given by R m = U ∞ aµσ. The viscosity, density and magnetic permeability of the fluid are η, ρ and µ respectively. In order to satisfy equation (3) , the dimensionless stream function ψ(r, θ) is introduced such that
where u and v are the dimensionless radial and transverse components of the fluid velocity. Spherical polar co-ordinates (r, θ, φ) are used as they are the most suitable in dealing with a spherical boundary. The co-ordinate system is set up in such a way that the flow is symmetric about θ = 0
Since the flow is two-dimensional, equations (2) and (5) give
The problem can be simplified by assuming the magnetic Reynolds number to be small. The magnetic field must not be so large that the flow develops into a slug flow. It should be large enough (at higher Re values) to see the effect of separation, but small enough for the flow to be a perturbation of the potential flow with a zero magnetic field. Hence we can use the low-R m approximation by ignoring equation (2) and replacing the magnetic field in all MHD equations by
so that equation (4) is satisfied. This will eliminate several nonlinear terms of the unknown quantities in the governing equations. After eliminating pressure from equation (1), we get
where
is the vorticity. Substitution of equations (2) and (7) into equation (9) gives
Using equations (6) and (8) 
∂ψ ∂ξ (13) in the vorticity-stream function form. Equations (12) and (13) must now be solved subject to the following boundary conditions:
(1) on the surface of the sphere (r = 1), ξ = 0 
Numerical method
The coupled nonlinear partial differential equations are solved by first applying the finite difference method and the resulting algebraic equations are solved by using the multigrid method. Here, a recursive multigrid procedure is employed in which the smoother the point Gauss-Seidel iteration and the usual coarse grid correction is applied as follows (Wesseleng 1991).
Let there be a sequence of computational grids
where A k is the matrix obtained by suitable discretization. Ifû is the approximation to the exact solution u, then (û − u) represents the error e. Then we have
where r is called the residue. The coarse grid approximationū of −e satisfies Aū = Rr, whereĀ is the operator obtained by discretizing the original problem on a coarser grid and R is the restriction operator. If the grid under consideration is the coarsest, then the above equation should be solved exactly. The coarse grid correction to be added toû is Pū (where P is the prolongation operator) given bŷ
This represents one multigrid cycle. Solving of G l−1 by γ multigrid iterations results in the following recursive algorithm:
where S denotes a smoother involving a small number of point Gauss-Seidel iterations.
The initial solution is taken as ψ = 0 and ω = 0 at all inner grid points except for ψ at ξ = ∞ where the boundary condition holds. In finding the solution for higher values of Re and M , the solutions obtained for lower values of Re and M are used as the starting solution. Among the two variables, ω and ψ, we first solved for ω and then for ψ. Convergence is said to have been achieved when the difference between two successive iterations m and m + 1, at all interior grid points, is less than 10 
We used the above injection operator throughout this study. For the prolongation operator the simplest form is derived using linear interpolation. Prolongation by linear interpolation introduces no ambiguity when the interpolated value is desired at the mid points of the boundaries of a mesh cell. The following 9-point prolongation operator defined by Wesseling (1980) is used for the present study:
The solution obtained by the above method is not second order accurate as we have approximated all terms by the second order central difference method except convective terms which are approximated by the first order upwind difference scheme to ensure diagonal dominance. In order to achieve a second order accurate solution, the DC method is employed as follows. If B is the operator obtained, for example, by first order upwind discretization and A is that obtained by second order accurate discretization, then the DC algorithm (Juncu and Mihail (1990), Juncu (1999)) works as given below.
At the start of DC,ȳ is a solution that is not second order accurate, and at the end of DC,ȳ is second order accurate.
begin solve Bȳ = b for i := 1 step 1 until n do solve By = b − Aȳ + Bȳ y := y od end Usually, in practice, it is sufficient to take n = 1 or 2.
Results and discussion
The multigrid method with coarse grid correction is applied to solve the resulting algebraic equations, which enhances the convergence rate. Five grids are taken: 512 × 512 as the finest grid and 32 × 32, 64 × 64, 128 × 128 and 256 × 256 as coarser grids. The finite difference method is applied to the grid shown in Fig. 1 . The results obtained from the finest 512 × 512 grid of the above multigrid procedure are presented for the range of Reynolds numbers from 0.1 to 1000 and for intermediate values of the Hartmann number. We have found that the first order upwind difference scheme approximation to the nonlinear convective terms ensures diagonal dominance even at high Reynolds numbers (up to Re = 1000 in this study). So we could apply the Point Gauss-Seidel method to solve the algebraic system throughout this study. The DC technique is then employed to achieve a second order accuracy.
We observed the separation at the rear stagnation point for all Re 25 in M = 0 case. The length of the wake has been found to increase with Re as observed by some researchers (LeClair et al. (1970) , Dennis et al. (1971) , Fornberg (1988) ). We observed that as the magnetic field is increased, the wake length decreases (Figs. 2,3 ) for all higher Re values ( 25) and in the range of M values under consideration this decrement is almost linear (Fig. 8) . A similar phenomenon was observed by Raghava Rao et al. (1993 Rao et al. ( , 1995 (Fig. 2) due to the weakening of tangential stresses, which had also been observed by Fornberg (1988) . But as M increases, this separation is suppressed and eventually disappears (Fig. 3) . At higher Reynold's numbers, we found that the vorticity distribution inside the wake region resembles that of Hill's spherical vortex as observed by Fornberg (1988) (Fig. 6 ) and this resemblance disappears for increased values of M (Fig. 7) . Since the magnetic forces are proportional to and resist the flow of fluid in any direction other than that of the unperturbed magnetic field, near the sphere, they produce a change in the pattern of the vorticity lines. The length of the standing vortex is slightly reduced and the strength of the disturbance in front of the sphere is increased with increasing magnetic field, which would be expected (Figs. 4,5) . It can also be seen that the radial component (u) of the fluid velocity near the sphere at θ = 90
• is affected to a greater extent compared to the transverse component (v) as it (u) is not parallel to the magnetic field (Figs. 11,12 ). As the Hartmann number increases, the thickness of the boundary layer adjoining the sphere surface decreases, indicating that it tends to zero for sufficiently large values of M (M 1) (Fig. 11 ). This is due to the enhanced velocity gradients required by the viscous stresses to compete with large magnetic forces. The drag coefficient and the surface pressure are calculated using the following relations:
The drag coefficient
The surface pressure
It can be seen from Fig. 9 that the magnetic field tends to suppress the surface vorticity behind the sphere, competing thereby with the viscous diffusion of vorticity out from the surface. We have found that as the thickness of the boundary layer decreases, the increased velocity gradients at the surface will increase the pressure drop (Fig. 10) necessary to maintain the given flow rate. The observed flow field is consistent with the assumption that the effect of the magnetic field is a small perturbation of the zero field potential flow.
The drag coefficient values for three different grids: 128 × 128, 256 × 256 and 512 × 512 for some selected Reynolds and Hartmann numbers are presented in Table 1 . The following conclusions about the solution can be drawn from Table 1. 1. DC improves the solution in coarser grids.
2. In finer grids the effect of DC is not appreciable even though the convective terms are approximated by the first order upwind differences. This implies that the first order scheme for convective terms with a higher and higher grid resolution gives almost second order accurate results. However, with the DC technique one can obtain second order accurate solutions in reasonably 'coarser' grids.
For intermediate values of
Re, DC has a little significance whereas for low Re (where viscous terms dominate) the effect of DC is almost zero.
4. At high Reynolds numbers (Re 100), the convective terms dominate over the viscous terms. If the convective terms are approximated by the first order upwind differences, the solution may not represent the exact flow pattern of the concerned Reynolds number. In such cases, the DC technique is more significant.
5. As the magnetic field increases (i.e., as M increases), the convective terms become less dominant. This can be seen from the fact that the difference between the C D values before and after DC at high M values is very small. Juncu et al. (1990) . The comparison of the drag coefficient values for M = 0 is given in Table 2 and the graph of the drag coefficient versus the Hartmann number is presented in Fig. 13 . It is seen that the drag coefficient increases as M increases up to the range considered in this study. 
